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Abstract. Model connectivity is utilized to develop efficient methods to solve large systems of 
non-linear algebraic equations arising in the numerical solutions of multipoint boundary value 
differential equations describing the kidney concentrating mechanism. 
How the inner medulla of the mammalian kidney produces concentrated urine is still the 
subject of a variety of studies [l-5]. The differential equations describing the relationship 
of the axial flow and diffusion to the transmural fluxes (flow across membranes) involve 
multipoint boundary conditions and a large number of parameters. Furthermore, the values 
of a fair number of parameters either have not yet been experimentally determined or are 
currently known only to approximate values. Thus, mathematical models require repeated 
solutions of large systems of differential equations for model validation and parameter es- 
timation. It is of paramount importance to develop algorithms that are fast, accurate and 
parsimonious in storage. 
We shall describe some methods that have been indispensable in our work in kidney mod- 
eling and hope that these techniques will be helpful to other modelers in their computational 
work. Much interest was shown in this work at a recent conference [6]. The physiological 
implications of current experimentations with our models will be published elsewhere. 
Let us consider a simple model, consisting of three tubes interacting with a central core. 
Let i denote the tube number (i = 4; core), t the distance measured from the top 
(z = 0) to th e o b tt om (z = 1). The variables are: Fj,(l) = volume flOWS, Cih(Z) = 
solute concentrations, where L = s (salt), u (urea). The entering flows and concentrations 
Fi,(O), Cik(O), Fs”(O) and C&(O) are given. Also, Fd,(l) = 0, C;,(l) = 0; at 2 = 1, 
tube 1 makes a hairpin turn to become tube 2 and, therefore, FzV(l) = -Fi,(l) and 
C2k(l) = C,k(l). 
The differential equations are 
d(FiuCik) 
dx 
+ &k(z) = O,i # 4, 
dF4k 
x + 54k(x) = 0, 
d&k 
h--- dx + F4k - F4uC4t = 0, 
(1) 
(2) 
(3) 
(4) 
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where JiV(z) and Jik(z) are, respectively, volume and solute fluxes, Ddf are the diffusion 
coefficients and F4~(2) are the axial solute flows, and Ji”(z) and Jib(z) are functions of only 
G(z) and &1:(z). 
Mass balance requires that 
2 Jiv(t) = 0 , f: J&x) = 0. (5) 
i=l i=l 
If we Set h = +, “i = (i - 1)h where j = 1, . . . ,n + 1; Fivj = &(zj), Fikj = Fjk((3cj) 
and Cikj = Cin:(ii),Sthen integrating (1) and using the Trapezoidal rule we have 
Fiv,j+l - fioj + i [Jiv,j+l + Jiuj] = 0. 
Let US introduce the notation 
[B]j+’ = Bj+l + Bj, {B}i+’ = Bj+l - Bj. 
Then (6) can be written as 
{Fiv}j+’ + g[Ji,$+’ = 0, j = l,*** ,n; i = I,... ,4. 
Integrating (2) and (3) we have 
{FivCik}j+’ -t :[Jit]i+’ = 0, j = l,... ,n ;i#4, 
{F4k};+’ + 5 [J4k]j+1 = 0, j = l,... ,n, 
D4~{C4t}j+’ + ; [F4b - F4uC4h]j+1 = 0. 
(‘3) 
(7) 
(9) 
(10) 
(11) 
Flvl, Flklr Fsvl and F&l are given, and F2”,,, = -FM,, C2km = Cam, where m = n •I 1. 
Since F4vm = O,C&, = 0 , it follows from (4) that F4lt,,, = 0 and &km = F4krn/F4vm. 
Using L’HBpital’s rule, (1) and (3), we have 
C F;k,,, + D&&,, Jam - &kc&,,, 4km = = %n J4vm , 
or 
C4kmJ4vm - Jdle,,, + D4kC:k,,, = 0. (12) 
Equations (8) - (12) and the above boundary conditions are sufficient to determine all 
the unknowns: Fi,j, Cikj, and F4kj, i = 1, .‘. ,4; k = S, U; j = 2, .. . , ITI for downflow- 
ing tubes 1 and 3 and j = 1,-e. , n for upflowing tubes 2 and 4, and C4km. We must 
solve 4 x 3 x n + 2n + 2 = 14n + 2 nonlinear equations. 
WewillshowthatonlyC4kj,k = s,u;j = l,... , m need to be considered as independent 
(basic) variables. This will require the solution of 2m basic equations. Furthermore, for 
tube 4, the mass balance equations (5) can be used to replace (8), (lo), and (11). 
In view of the fact that Ji”j and Jikj are functions of only Cikj and c4kj, if c4kj aPe 
given then Cikj can be determined by solving (8) and (9) in the flow direction, starting at 
the top for tubes 1 and 3 and then starting at the bottom for tube 2. This requires solving 
three equations for three unknowns Fivj, Cikj, k = s, u at each level, since Fi,j and cikj are 
either known from previous level or given at the top (tubes 1 and 3) or bottom (tube 2). 
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But from (8), for i = 1 and 3, we have 
Fivj = Fiv,j-1 - 2 h[JjU]j_l, j = 2,a.e ,m, 
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(13) 
and, therefore, at each level j, Fi”j can be expressed as a function of previous Cikj’s since 
Fiuj and Cikj are given. For tube 2 instead of (13) we have 
Fivj = fiv,j+l + i[Jiu]itl, j = ?I,-.* ,l. (14) 
Substituting Fivj’s from (13) or (14) in (9) we get a function of Cikj’s and thus only two 
equations in two unknowns must be solved at each level. 
In some of our models we use shunting between tubes 1 and 2 to model the fact that the 
nephrons turn around at different levels. In these cases, crFl,,j-1 is added to Ji,,j-1, where 
cx is the ratio of -n(+)‘/n(r), n(z) is th e number of loops at level 2 [1,2]. Then for tube 1, 
(13) is replaced by 
(1 + 0.5ha) . 
Also, for all j, QFl,jClkj is added to Jlkj and, in tube 2, aFl,j is subtracted from Jz”j and 
~F~“jC~kj is subtracted from J2kj and then (14) is used. 
Now from (1) and (5), we have CF=, F/v (z) = 0 and integrating we get Cfzl{Fi,}jm = 0, 
since Fav,,, = 0 and Fs,,,, = -Flu,,, we have 
4 
c 
F. avj - Fst,,,, = 0. 
i=l 
This equation replaces (8) for i = 4. Similarly, from (2)-(5) we get 
3 
C{F,vCit)& + {F4k}& = 0, j = n,. . . ,I. 
i=l 
Since Fa,,,, = -FI,,,, , Czkm = Clkm, F&,,, = 0, the above equation becomes 
3 
c FivjGkj - F3vmC3km + F4kj = 0, 
i=l 
which, in view of (5), can be written as 
FiujCikj - F3vmCSkm 
i=l 
- 
Integrating the above equation we get 
D4kiC4k}{+1 + ; [&n&km 
- 
4 
c 
&,jcikj]jtl = 0. 
i=l 
Equation (17) replaces (10) and (11) for the core. 
Now, from (15) we have 
D4kjCikj = 0. 
3 
F4vj = f’3vm - c 
Fi,j, j = n,n - l;.+ ,l,Fdvm = 0. 
i=l 
(15) 
(16) 
(17) 
(18) 
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As mentioned earlier, Fivj’s for tubes l-3, can be computed as function of Cdkj’s using (13) 
and (14), and, therefore, (18) can be used to compute Fd,j’s as function of c&j’s. Thus, 
(12) and (16) can be expressed as functions of only cdkj ‘s. 
Let us introduce the notation z = (C&j), k = s, u;j = 1,. . . , m, and let 
!7(Y,Z) = 0 (19) 
represent (12), (17) and (18) where Y = (Cikj),i = 1,2,3;L = s,u;j = 2,e.a ,m for 
i = 1,3 and j = n, n - 1,. .. , 1 for i = 2. Also, let 
f(Y,Z) = 0, (20) 
represent (8) and (9). Evidently, z and g are of dimension 2m and y and f are of dimen- 
sion 6n. 
ALGORITHM. 
1. 
2. 
3. 
4. 
If 7 
Assume z. 
Solve (19) for y sequentially at each level along the direction of flow (two non-linear 
equations are solved at each level) and thus 
f(Y(L),Z) = 0. 
Compute g(y(r), z) . If Ilg(y(%), %)I1 is small, stop; otherwise compute [7-91 
ds 
z”j = 
!dYb + eej, % + eej) - dY(%),%), j = l,. . . , 2m, 
6 
where 6 is a small positive number and ej is the jth column of the identity matrix of 
order 2m. 
Solve g-62 = g(y(z), .z) for 62, and let z = z + Sz. Go to Step 2. 
is the average number of iterations required to solve two non-linear equations (9) at 
each level j for the three tubes, then the above algorithm requires approximately 
23/3Tn(2m + 1) + (2m)3/3 G 8n3/3(1 + 6 T n multiplications and divisions at each step. / ) 
This compares quite favorably with (14n + 2)3/3 + 914.67n3 for the whole system. Our 
computational experiments show that, compared with the solution of the whole system, our 
algorithm runs 10 and 20 times faster for n = 40 and 80, and this improvement continues 
as n increases. We have successfully used the techniques outlined in this paper in a variety 
of realistic and comprehensive models involving several more tubes and radial flows. 
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